We propose a pulsed dynamical decoupling protocol as the generator of tunable, fast, and robust quantum phase gates between two microwave-driven trapped ion hyperfine qubits. The protocol consists of sequences of π-pulses acting on ions that are oriented along an externally applied magnetic field gradient. In contrast to existing approaches, in our design the two vibrational modes of the ion chain cooperate under the influence of the external microwave driving to achieve significantly increased gate speeds. Our scheme is robust against the dominant noise sources, which are errors on the magnetic field and microwave pulse intensities, as well as motional heating, predicting two-qubit gates with fidelities above 99.9% in tens of microseconds.
I. INTRODUCTION
Entangling quantum gates, faster than decoherence rates and with high accuracy, are crucial to quantum technologies [1] . Among the latter, trapped-ion systems [2, 3] are one of the most promising candidate platforms for the implementation of quantum computing and simulations [4] [5] [6] [7] [8] in a systematic manner. Laser control techniques have so far provided the best entangling gates in ion traps, reaching two-qubit gate fidelities around 99.9% at gate times between 30-100 µs [9, 10] . However, scaling such systems implies daunting technological challenges in setting up and controlling multiple laser sources.
In the last years, an alternative route that relies on the microwave quantum control of trapped ions has been proposed [11] and pursued in several laboratories [12, 13] . Microwave control elements are manipulated entirely with electronic methods, enjoy greater stability than lasers, and are sufficiently small to be integrated in the trap electrodes [14] . Furthermore, microwave control avoids the use of optical transitions whose spontaneous decay rate limits the achievable quantum gate speeds especially at high target fidelities [15] .
Two approaches to microwave control of trapped ions are usually considered [16] . These are the cases of far-field microwave radiation with a static magnetic field gradient [11, 17] , and the near-field of microwave radiation [18, 19] . If the qubit states are magnetically sensitive, it is crucial to use dynamical decoupling (DD) techniques for the stabilisation of quantum gates [20] [21] [22] [23] [24] . Following this method, encouraging experimental results have been achieved for the far-and the near-field approaches, reaching two-qubit gate fidelities of 98.5% [25] and 99.7% [14] respectively for gate times in the millisecond range, i.e. several orders of magnitude longer than the oscillation period of the ion chain. This is because, both in laser-or microwave-based schemes, qubit-qubit interactions are mediated by a single motional mode which needs to be spectroscopically discriminated from the rest [26] [27] [28] . To guarantee this, the qubit-motion coupling should be much smaller than the detuning from the modes that are to be neglected, which imposes severe limitations on the speed of the resulting gate. Therefore, gates acting on time scales compa- rable with the oscillation period of the ions or faster, require necessarily the involvement of all vibrational modes. Building on earlier theoretical work [29] the use of multiple modes has recently been explored experimentally for laser based systems [30] .
In this article, we propose a scheme leading to fast and high-fidelity two-qubit gates through a specifically designed sequence of microwave π-pulses acting in the presence of a magnetic field gradient. Our method employs the two vibrational modes in the axial direction of the two-ion chain leading to gate times approaching the inverse of the trap frequency. On top of that, the sequence is designed to protect qubits from uncontrolled noise sources. The high speed and robustness of our scheme results in two-qubit gates of high fidelity even in presence of motional heating. Our detailed numerical simulations show that state-of-the-art in microwave trapped-ion technology allows for two-qubit gates sufficiently fast to pave the way for scalable quantum computers.
Our work is organised as follows: In section II, we present the target system, i.e. a set of hyperfine trapped ions, and the arXiv:1706.02877v2 [quant-ph] 9 May 2018 2 method when working under ideal conditions. In section III, we introduce the microwave sequence we will use to achieve the proposed two-qubit gates. Section IV demonstrates the performance of our method when realistic experimental conditions are included in the model.
II. THE SYSTEM
We consider two 171 Yb + ions in a microwave quantum computer module [31] . The ions sit next to each other along the z direction, where their coupled motion is described by the center-of-mass (com) and breathing modes, with frequencies ν 1 = ν and ν 2 = √ 3ν respectively [32] . For each ion we define a quantum bit (qubit) using the states |g ≡ {F = 0, m F = 0} and the magnetic sensitive |e ≡ {F = 1, m F = 1} in the hyperfine manifold, see Fig. 1 . The presence of a magnetic field gradient will serve both to make the qubit frequencies ω j different to each other, and to couple motion and qubit. The Hamiltonian of such a system is given by ( = 1) phase, and the Y block, which performs the rotations along th same axes shifted by a phase of ⇡/2 with respect to those o the X block, i.e.~ y = {
The sequenc then consists of a series of n consecutive X and Y block For example, an AXY-4 sequence would be XYXY, while a AXY-8 sequence would be XYXYYXYX. The time distribu tion of pulses inside each block is identical. As illustrated i Fig. 2 a) , each block has a duration ⌧ and is symmetric with re spect to the ⌧/2 point, where a pulse is applied. Therefore, th time of application of the first and second pulses, ⌧ a and ⌧ respectively, together with ⌧ completely define the sequenc The adaptability of the method is given by the freedom to s these three parameters, which need only fulfill the conditio
It can be shown that at the end of any AXY-n sequence o length n⌧, function G jm (n⌧) is identically zero for values of that are a natural multiple of the oscillation period of mod m, that is to say for ⌫ m ⌧ = 2⇡k for k = 0, 1, 2, ... [3] . Th means that a qubit can be decoupled from a specific motion mode just by guaranteeing that the sequence is composed o blocks of a length that matches a multiple of the oscillatio period of such a mode, regardless of ⌧ a and ⌧ b . Unfortunatel the two motional modes in our system have incommensurab oscillation frequencies, meaning that it is impossible to fin a value of ⌧ that by itself would result in a decoupling of th qubit from both motional modes. However, by suitably adap ing parameters ⌧ a and ⌧ b we can find a sequence of pulse that applied on a qubit simultaneously decouples it from bot motional modes.
We will design an AXY-4 sequence of a duration such th ⌧ = 2⇡/⌫ 1 , which makes G j1 (4⌧) = 0 for any choice of ⌧ a an ⌧ b , and we will numerically look for the values of ⌧ a and ⌧ that minimise G j2 (4⌧). In Fig. (?? ) we give a 2 dimension color plot of G j2 (4⌧) for all the di↵erent combinations of ⌧ and ⌧ b . The dark blue trajectories represent the choice of va significant undesired contributions whose cancelation is discussed in Sec. IV.
Now we move to a rotating frame w.r.t.
. The Rabi frequencies Ω 1,2 (t) will be switched on and off, i.e. the driving is applied stroboscopically in the form of π-pulses, leading to
where the modulation functions f j (t) take the values ±1 depending on the number of π-pulses applied to the j-th ion. More specifically, for an even (odd) number of pulses we have f j = 1(−1). The idealised description in Eq. (3) assumes instantaneous π-pulses, which is a good approximation if the Rabi frequencies are much larger than any other frequency (∆ 1,2 and ν 1,2 ) in Eq. (3). Nevertheless, to match realistic experimental conditions, our numerical simulations will consider sequences of finite π-pulses in the form of top-hat functions of lenght t π = π Ω . The Schrödinger equation corresponding to Eq. (3) is analytically solvable and leads to the propagator U(t) = U s (t)U c (t) where
, and being the imaginary part of the subsequent integral. One can demonstrate that, at the end of the sequence,φ(t) does not depend on the values of ∆ 1,2 and ν 1,2 but on the ratio between mode frequencies ν 2 /ν 1 = √ 3 (Appendix E). Hence, the study ofφ(t) covers all situations regardless of the value of ∆ 1,2 and ν 1,2 .
From the solution U(t), it is clear that a π-pulse sequence of duration t gate , satisfying conditions
results in a phase gate between the two qubits and leaves the hyperfine levels of the ions decoupled from their motion. To accomplish these two conditions, we will design a specific microwave pulse sequence that, in addition, will eliminate the dephasing noise due to magnetic field fluctuations or frequency offsets on the registers. Note that, if the latter are not averaged out, they would spoil the generation of a highfidelity two-qubit gate.
III. THE MICROWAVE SEQUENCE
In order to satisfy Eqs. (6) we propose to use variations of the adaptive XY-n (AXY-n) family of decoupling sequences introduced in Ref. [34] for nanoscale nuclear magnetic resonance [35] [36] [37] [38] [39] . Unlike previously used pulsed ion trap DD schemes [40] , AXY-n consists of n blocks of 5 non-equally separated π-pulses, as depicted in Fig. 2 for the AXY-4 case, where the interpulse spacing can be arbitrarily tuned while the sequence remains robust [34] . Each π-pulse is applied along an axis in the x-y plane of the Bloch sphere of each qubit state that is rotated an angle φ (corresponding to φ 1,2 in H c (t)) w.r.t. the x axis.
We define two blocks: the X block, made of 5 π-pulses along the axes corresponding to φ
6 } + ζ, with ζ an arbitrary constant phase, and the Y block, with rotations along the same axes but shifted by a π/2 phase, i.e.
The sequence then has n consecutive X and Y blocks with the same, tunable, interpulse spacing. For example, the AXY-4 sequence is XYXY. As illustrated in Fig. 2(b) , each block is symmetric and has a duration τ. Therefore, within a five pulse block the time of application of the first and second pulses, τ a and τ b where τ a < τ b < τ/2, together with τ define the whole sequence.
At the end of any AXY-n sequence of length nτ, where n is an even integer, the function G jm (nτ) is zero for values of τ that are a multiple of the oscillation period of mode m, that is for ν m τ = 2πr with r ∈ N. This is due to the translational symmetry of the f j (t) functions, for which f j (t + τ) = − f j (t ) and f j (t + 2τ) = f j (t ) holds, meaning that
if ν m τ is a multiple of 2π, and for n even. This means that a qubit can be left in a product state with a specific motional mode m regardless of the values of τ a and τ b . Unfortunately, the two motional modes in our system have incommensurable oscillation frequencies (note that ν 2 /ν 1 = √ 3) which leads to the impossibility of finding a τ that, independetly of τ a and τ b , decouples the qubits from both vibrational modes. An AXY-4 sequence of a duration 4τ such that τ = 2πr/ν 1 , makes G j1 (4τ) = 0 for any choice of τ a and τ b , while we will numerically look for the values of τ a and τ b that minimise G j2 (4τ). For the sake of simplicity in the presentation of this part, we consider f 1 (t) = f 2 (t), i.e. the same sequence is simultaneously applied to both qubits leading to G 1m = G 2m . However, when considering real pulses, we will not use simultaneous driving in order to efficiently eliminate crosstalk effects which leads to an optimal performance of the method, see Sec. IV. In Fig. 3(a) we give a contour color plot of G j2 (4τ) with τ = 2π/ν 1 for all combinations of τ a and τ b . The dark blue regions represent the values of τ a and τ b that minimise the G j2 (4τ) functions. Then any pair of τ a,b in that region defines a valid sequence for a two-qubit phase gate. At Fig. 3(b) , we give the corresponding value forφ(4τ) of the resulting two-qubit gate (red panels). In Figs. 3(c), 3(d) and 3(e), 3(f) the same procedure is shown for τ = 2 × 2π/ν 1 and τ = 3 × 2π/ν 1 , respectively, i.e. for values r = 2 and r = 3, obtaining several combinations of τ a and τ b that result in a phase gate. Finally, to recover the real phase ϕ(t), we multiplỹ
64Mν 3 , according to Eq. (5), showing the dependance of ϕ on ν and g B .
IV. TAYLORED SEQUENCES AND RESULTS
We will benchmark the performance of our microwave pulsed scheme by means of detailed numerical simulations. The total Hamiltonian governing the dynamics is H + H c . In a rotating frame with respect to H 0 and after neglecting terms that rotate at a speed of tens of GHz (see appendix A and C for more details), the effective Hamiltonian reads 
To get rid of crosstalk effects, we use a decoupling scheme acting non simultaneously on both ions that, at the same time, meets conditions in Eqs. (6) , and give rise to a tunable phase gate between the ions. In this respect, one can demonstrate that a term like
for a final time t
, i.e. the required time for a π-pulse on the first ion, has the associate propagator
if and only if the Rabi frequency Ω 1 satisfies
See appendix F for a demonstration of this. In the same manner, the term
and
Hence, when the microwave driving is applied non-simultaneously over the registers, one can clearly argue that a π-pulse on the first ion induces a dephasing-like propagator on the second ion (i.e. e Two blocks of our non simultaneous AXY-n sequence is depicted in Fig. 4(a) , where one has to select τ, τ a,b and ∆t. While τ, τ a,b , define the sequence acting on the first ion, a temporal translation ∆t of each π-pulse sets the sequence on the second ion. Note that ∆t must satisfy ∆t > t π , see Fig. 4(b) , to assure there is no pulse overlap. As we said before, the construction in Fig. 4(a) 
XY , upper panel in Fig. 4(a) , reads 
where the last equality is achieved using {σ In the same manner, one can find the propagator for the second ion U (2) XY , see lower panel in Fig. 4(a) . This propagator reads 
We can see that after an XY block, there is no contribution of dephasing like operators, see the last lines in Eqs. (12) and (13) . Hence, a sequence XYXY applied to both ions following the scheme in Fig. 4 (a) will also share this property with the additional advantage of being robust against control errors [34] .
After simulating the application of a non-simultaneous AXY-4 sequence, we show the results (infidelities) in Table I. It is noteworthy to comment that our numerical results have been calculated including motional decoherence. More specifically, we have added to the dynamics governed by the Hamiltonian in Eq. (8) a dissipative term of the form, see for example [41] ,
where an estimation of the values for the heating rates Γ b,c is given in appendix G for each of the specific examples considered in the main text, whileN b,c ≡ N
− 1) where we have considered a temperature of T = 50K.
We computed the gate infidelity for the following situations. Firstly, we simulated the gates exp(i I. Infidelities (I) for two-qubit gates after the application of 20 imperfect microwave pulses on each ion, according to our AXY-4 protocol, for several initial states, ψ j , and different experimental conditions, see main text. We focus in π/4 and π/8 entangling phase gates, however our method is general and can achieve any phase. Initial states, up to normalization, are ψ 1 = |g ⊗ (|g + |e ), ψ 2 = (|g + |e ) ⊗ (|g + |e ), ψ 3 = |g ⊗ (|g + i|e ) + |e ⊗ |e , ψ 4 = |e ⊗ (|g − i|e ) + |g ⊗ |g , and ψ 5 = |e ⊗ (|g − i|e ) + |g ⊗ (|g + i|e ). 
, second and third columns in Table I , in a time of 80 µs for a magnetic field gradient of g B = 150 T m [25] . We designed the microwave sequence such that τ = 3 × 2πr/ν 1 leading to a gate time which is 12 times the period of the com mode. Other relevant parameters are ν 1 = ν 2 / √ 3 = (2π)×150 kHz, π-pulse time of ≈ 75 ns that implies a Rabi frequency of Ω 1 = Ω 2 = Ω ≈ (2π) × 6.63 MHz, and ω 2 − ω 1 = (2π) × 25.7 MHz, while we have chosen ∆t as 1.05 times the π-pulse time. The bosonic modes, b and c, are initially in a thermal state with 0.2 phonons each [12] . In addition to heating processes with rates Γ bNb ≈ (2π) × 133 Hz and Γ cNc ≈ (2π) × 9 Hz (appendix G), our simulations include a Rabi frequency mismatch of 1%, a trap frequency shift of 0.1%, and an energy shift of (2π) × 20 kHz on both ions.
Secondly, we also target the gates exp(i 
MHz, π-pulse time of ≈ 49 ns, ω 2 − ω 1 = (2π) × 39.8 MHz and the energy shift upon the ions, errors on Rabi and trap frequencies, ∆t, and the initial bosonic states are the same as in the previous case. Because of the new value for g B , the heating rates had to be recalculated leading to Γ bNb ≈ (2π) × 248 Hz and Γ cNc ≈ (2π) × 16 Hz.
In Table I we find that, even in the presence of the errors we have included, our method leads to fast two-qubit gates with fidelities exceeding 0.999. Finally, we note that higher values of g B will result in faster gates.
V. CONCLUSIONS
We have demonstrated that pulsed DD schemes are efficient generators of fast and robust two-qubit gates. Our microwave sequence forces the two motional modes in a certain direction to cooperate, and makes the gate fast and robust against external noise sources including motional heating. This novel technique opens a path in the microwave control of trapped ions, and can be generalised to laser-based setups.
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APPENDIX A: INITIAL APPROXIMATIONS
Two-Level Approximation
In this section we numerically argue that the presence of the additional hyperfine levels of the 171 Yb + ion, the fluctuations of the magnetic field, and the effect of fast rotating terms does not threaten the gate fidelities claimed in this article. For numerical simplicity we have considered a single four level system and looked for the fidelity of the propagator after a sequence of 20 π-pulses is applied. We find that the error (infidelity) is on the order of 10
, hence being one order of magnitude below the gate errors reported in Table I of the main text. Therefore, we conclude that the presence of the additional levels, counter rotating terms, and the fluctuations of the magnetic field have a negligible effect on the final fidelity of the gate to the order claimed in the main text. We detail now the parameters and conditions in our numerical simulations.
In the hyperfine ground state of the 171 Yb + ion, transitions can be selected with the appropriate polarization of the control fields. However, experimental imperfections might generate unwanted leakage of population from the qubit-states to other states. On the other hand, the presence of fluctuations of the magnetic field may also result in imperfect π-pulses which may also damage the performance of the gate. To account for these experimental imperfections we simulate the following 4-level Hamiltonian
where the energies of the hyperfine levels, E i , are those corresponding to a 171 Yb + ion in a magnetic field of 100 G, and the qubit is codified in levels {|0 , |1 }. Function X(t) represents a fluctuating magnetic field, which shifts the magnetically sensitive levels |1 and |3 in opposite directions. Numerically we have constructed this function as an Ornstein-Uhlenbeck (OU) process [42] , where the parameters have been chosen such that the qubit-levels, in the absence of any pulses, show a coherence decaying exponentially with a T 2 coherence-time , expressed as a fraction of the Rabi frequency Ω of 3ms, as experimentally observed [43] . Particularly, this corresponds to values τ = 50 µs for the correlation time, and c = 2/(τ * T 2 ) for the diffusion constant of the OU process. Ω(t) is a step function taking exclusively values Ω and 0, and is a small number representing the leaking of the qubit population through unwanted transitions. For the numerical analysis we have used unfavourable values for this set of parameters. More specifically, the Rabi frequency was assigned a value of Ω = (2π) × 20MHz, which is already twice the maximum value used in all the other simulations throughout the article, having therefore a larger probability of exciting other, undesired, hyperfine transitions. Moreover, the simulations were performed for the longest sequence discussed in the main text, which lasts 80 µs.
We compare the propagator resulting from our simulations to the identity, which is what one would expect after an even number of π-pulses, 20 in our case, and we compute a value for the fidelity according to the definition
where F A,B is the fidelity between operators A and B. To account for the stochastic effects of the OU process that models the fluctuations of the magnetic field, we have averaged the resulting fidelities over 100 runs of our numerical simulator. In Fig. 5 we show the value of the infidelity, 1 − F, for a number of values of . We can see that the error grows non-linearly with the strenght of the leakage due to polarisation errors of the control fields. However, for alignment errors below 20% ( = 0.2) we obtain that the infidelity is smaller than 10 . Hence, for polarisation errors below 20%, the effect of additional hyperfine levels, magnetic field fluctuations, and fast counter rotating terms should only be detectable in the fifth significant order of the gate fidelity, and not alter the 99.9% fidelity claimed in the article. and, again, we use squares for ϕ = π/4, and circles for ϕ = π/8. For both plots we used ψ 4 , see the main text, as the initial state.
Coupling with radial modes
In this section we study the influence of the motional radial modes of the ion in our proposal. To account for the effect of a given radial mode d, Hamiltonian (1) of the main text needs to be complemented with a term of the form
Because of computational restrictions, in this analysis we will only consider one radial mode, and assume no motional decoherence. Term (17) is justified because of the unavoidable presence of some remanent magnetic field gradient in the radial direction, which leads to the coupling ∆ r that we model as a fraction of the ∆ 1 coupling in Hamiltonian (1) of the main text, i.e. ∆ r = β∆ 1 . We have compared the states evolved under Hamiltonian (1) in the main text including and not the coupling term in Eq. (17), and computed the infidelity between them. In Fig. 6 we show the results for different values of β. The value of ν r = 2.5 MHz was used in the simulations, and the initial state for the qubits was chosen to be ψ 4 in Table I , while a thermal state with 2 phonons was used as the initial state of the radial mode. We observe that even for large values of β, the impact of the radial mode is negligible, on the order of 10
for values of β up to 0.4, which are experimentally unexpected.
APPENDIX B: TWO HYPERFINE IONS UNDER A MAGNETIC FIELD GRADIENT
The Hamiltonian of the relevant hyperfine levels of the two qubit system (composed, in our case, of two 
where γ relates to the electronic gyromagnetic ratio as γ ≡ |γ e | 2 ≈ (2π) × 1.4 MHz/G, and B(z j ) is a position-dependent magnetic field that generates an additional energy splitting on the first ( j = 1) and second ( j = 2) ions. We have assumed that the ions, which interact through direct Coulomb force, perform only small oscillations around their equilibrium positions, z j = z 0 j + q j . Under this assumption, Hamiltonian diagonalization yields frequencies ν 1 = ν and ν 2 = √ 3ν, ν being the axial trapping frequency, for the collective normal modes, namely the center-of-mass and breathing modes [32] .
If B(z j ) can be expanded to a good approximation to the first order in q j , then B(z j ) = B j +g B q j , where B j ≡ B(z 1 as a function of the Rabi frequency Ω. We can observe how the fidelity decays because of the fail of the RWA. For this plot we have taken δ 2 ≈ (2π) × 45 MHz, a value that is even larger than the ones we will have our method based on π-pulses gets displayed.
